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Abstract –It is shown that a generalized special theory of relativity (GSTR) with an arbitrary
limiting velocity of a particle different or equal to the speed of light in vacuum can be constructed
from the canonical equation of the 4-dimensional hyperboloid of revolution. In particular, when the
limiting velocity equals the speed of light, the special theory of relativity (STR), which corresponds
to the equation of the equilateral hyperboloid of revolution, is recovered. The generalized Lorentz
transformations for any values of the speed limit for both the time-like and the spice-like regions
in the coordinate and momentum spaces and in the general parametric form were obtained. It was
established that the inversion of time (energy) axis under the (generalized) Lorentz transformations
is forbidden. In the GSTR, the rest mass of a space-like particle is real. Our results strongly
suggest that the muon neutrino in the OPERA experiment might most likely be a time-like or a
light-like superluminal particle, whose limiting velocity may exceed the speed of light in vacuum,
rather than a superluminal space-like particle (tachyon) with a speed limit equal to speed of light
for which the rest mass m = 117.1+11.0
−10.5 MeV/c
2.
Introduction. – Particles propagating with velocities
that are greater than the velocity of light in vacuum are
precluded by the validity of the special theory of relativity
and the principle of causality [1–4]. The limiting velocity
of any particle is considered to be equal to the velocity
of light (electromagnetic wave) in vacuum. This was ac-
cepted on the basis of the invariance of the speed of light
and of Maxwell’s equations in all inertial reference frames.
Yet, there is no experimental confirmation that no wave-
particle can move faster than the speed of light. Therefore,
there exists an experimental search for the signals that
propagate with velocities that are greater than the velocity
of light in vacuum [5–8]. Moreover, the OPERA Collabo-
ration has recently reported the observation of superlumi-
nal muon neutrinos [9], whose speed v exceeds that of light
c, with (v − c)/c = [2.37 ± 0.32(stat)+0.34
−0.24(sys)] × 10
−5.
In theoretical attempt to define the particles of super-
luminary velocities, which were initially elaborated by
Sommerfeld [10], several different possibilities exist. The
simplest two examples of these, which are considered in
the framework of STR, consist in introducing the space-
like particles (tachyons) [11–13] whose four-momenta are
always space-like and whose velocities are therefore always
greater than c and in deforming the Minkowski space-
time [14]. However, several mathematical deficiencies in
the definition of STR in the space-like region result in
physical inconsistencies for the possibility of faster-than-
light particles [12,13]. For instance, the space-like and the
time-like regions embody the same invariant relation of
the four-momentum and mass without taking into account
the origin of the definition of the square length of a four-
vector in STR. This leads to the imaginary rest mass of the
space-like particles. Other inconsistencies arise from the
application of the same Lorentz transformations to both
the space-like and the time-like regions [12].
The main purpose of this Letter is to show on the basis
of the tensor analysis that the (STR) GSTR can be com-
pletely deduced in a unified manner from the canonical
equation of the 4-dimensional (equilateral) hyperboloid of
revolution and is to apply this generalized theory to the
study of the OPERA superluminal neutrino anomaly at
LHC. The GSTR is obtained from the STR by replacing a
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Fig. 1: (Color online) The magnitude |~x| =
√
(x0/ tanϕ)2 − (x1)2 − (x2)2 − (x3)2 = √ξa of a four-vector ~x = xi~ei in the GSTR
(left panel) and the STR (right panel) at x2 = x3 = 0.
particular equilateral hyperboloid of revolution with a hy-
perboloid of revolution defined in the general form. Such
a unified definition of the scalar product and metrics of
the (STR) GSTR from the (equilateral) hyperboloid of
revolution allows one to solve the problem of imaginary
mass for superluminal space-like particles (tachyons) and,
moreover, permits one to introduce any values of limit-
ing velocity, which results in possible existence of three
different types of superluminal particles. The (general-
ized) Lorentz transformations for any values of the speed
limit for both the time-like and the spice-like regions in
the coordinate and momentum spaces and in the general
parametric form are found.
GSTR formulation. – Let the contravariant coor-
dinates xi = ~x~ei of the four-vector ~x = xi~ei in the 4-
dimensional linear vector space L, which is defined by the
basis {~ei} (i = 0, 1, 2, 3) [2,15], satisfy the canonical equa-
tion for the 4-dimensional hyperboloid of revolution
(x0)2
b2
−
(x1)2
a2
−
(x2)2
a2
−
(x3)2
a2
= ξ, tanϕ =
b
a
, (1)
where a and b are the space and time semi-axes of the
hyperboloid, 0 < ϕ < π/2 is the angle between the
asymptotes and the space axes x1, x2 and x3, the pa-
rameter ξ = 1 in the time-like region at |x0| > [(x1)2 +
(x2)2 + (x3)2]1/2 tanϕ, ξ = −1 in the space-like region at
|x0| < [(x1)2 + (x2)2 + (x3)2]1/2 tanϕ and ξ = 0 in the
light-like region at |x0| = [(x1)2 + (x2)2 + (x3)2]1/2 tanϕ.
Here and in the following we consider a summation on
each repeated index. Let the square length ~x2 = gijx
ixj
of a 4-vector ~x, where gij = ~ei~ej is a metric tensor [2], be
defined by the product of a square length of a semi-axis a
and the parameter ξ of the hyperboloid (1) (see Fig. 1),
~x2 = ξa2 =
1
tan2 ϕ
(x0)2 − (x1)2 − (x2)2 − (x3)2. (2)
Then, the components of gij and the inverse metric tensor
gij = ~ei~ej , which is defined by the reciprocal basis {~ei}
(i = 0, 1, 2, 3) and satisfies the unitary equation gijgjk =
δik [2, 15], can be written as
gij = (
1
tan2 ϕ
,−1,−1,−1) (3)
gij = (tan2 ϕ,−1,−1,−1), (4)
gij = g
ij = 0 for i 6= j. The covariant coordinates xi =
~x~ei = gijx
j of the four-vector ~x = xi~e
i for which xi =
gijxj [2, 15] are written as
x0 =
x0
tan2 ϕ
, x1 = −x
1, x2 = −x
2, x3 = −x
3. (5)
Using the definitions of the metric and inverse metric
tensors, the definition of reciprocal basis ~ei~ej = δ
i
j and
Eqs. (3), (4), we explicitly obtain ~e0 = (1/ tanϕ, 0, 0, 0),
~e1 = (0, ı, 0, 0), ~e2 = (0, 0, ı, 0), ~e3 = (0, 0, 0, ı) and
~e0 = (tanϕ, 0, 0, 0), ~e1 = (0,−ı, 0, 0), ~e2 = (0, 0,−ı, 0),
~e3 = (0, 0, 0,−ı). Thus, we have found that the spacial
basis vectors ~e1, ~e2, ~e3 and ~e
1, ~e2, ~e3 take imaginary values.
Therefore, the spacial subspace of the Minkowski space is
complex. Note that the STR corresponds to ϕ = π/4.
In the coordinate and momentum spaces we have x0 =
ct, x1 = x, x2 = y, x3 = z, b = cT0, a = λ0 and
x0 = E/c, x1 = px, x
2 = py, x
3 = pz, b = E0/c, a = P0,
respectively, where t and E are the time and the energy,
p-2
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x, y, z are the spacial coordinates, px, py, pz are compo-
nents of the 3-momentum [3], T0 and λ0 are some pa-
rameters, E0 is the rest energy, and P0 is the minimal
momentum of the particle at energy E = 0. Using Eq. (1)
we obtain
tanϕ =
c
vl
=
E0
cP0
, (6)
where vl = λ0/T0 is the speed limit of the particle, 0 <
vl <∞. Adopting Einstein’s famous formula for the mass-
energy equivalence, E0 = mc
2, where m is the mass, and
using Eq. (6), we get P0 = mvl.
The square length of the 4-vector (2), ~x2 = gijx
ixj =
gijxixj , and the metrics (3), (4) in the coordinate and
momentum spaces can be rewritten as
~s2 = ξλ20 = v
2
l t
2 − x2 − y2 − z2, (7)
~p2 = ξm2v2l =
v2l
c4
E2 − p2x − p
2
y − p
2
z, (8)
and
gij = (
v2l
c2
,−1,−1,−1), gij = (
c2
v2l
,−1,−1,−1), (9)
gij = g
ij = 0 for i 6= j, where ~s is the four-interval, ~p is
the four-momentum, ξ = 1 for the time-like particles (~s2 >
0, ~p2 > 0), ξ = −1 for the space-like particles (~s2 < 0, ~p2 <
0) and ξ = 0 for the light-like particles (~s2 = 0, ~p2 = 0).
Then, the covariant components (5) in the coordinate and
momentum spaces are x0 = v
2
l t/c, x1 = −x, x2 = −y,
x3 = −z and x0 = (v
2
l /c
3)E, x1 = −px, x2 = −py, x3 =
−pz, respectively, and the time basis vectors are ~e0 =
(vl/c, 0, 0, 0) and ~e
0 = (c/vl, 0, 0, 0). Thus, the rest mass
m of a particle for the space-like four-momentum ~p2 < 0
is real.
For a free particle, if we write the relation x0/xα =
const, (α = 1, 2, 3), in the coordinate and momentum
spaces, we get [3]
px
E
=
vx
c2
,
py
E
=
vy
c2
,
pz
E
=
vz
c2
, (10)
where vx = x/t, vy = y/t and vz = z/t are the components
of a 3-velocity. Using Eqs. (8), (10), we obtain
E =
c2
vl
√
p2x + p
2
y + p
2
z + ξm
2v2l , (11)
E = γmc2, (12)
px = γmvx, py = γmvy, pz = γmvz, (13)
γ =
1√
1
ξ (1−
v2
v2
l
)
, (14)
where v2 = v2x+v
2
y+v
2
z , ξ = 1 for v < vl, ξ = −1 for v > vl
and ξ = 0 for v = vl. The light-like particle is a massless
particle, m = 0, with the velocity of motion v = vl. How-
ever, the time-like and space-like particles are massive and
their velocities are v < vl and v > vl, respectively. They
are separated by a wall of infinite energy. Hence as v → c
Fig. 2: (Color online) The generalized Lorentz transformations
for 0 < ϕ < π/2. The Lorentz transformations correspond to
ϕ = π/4.
from above or below, the energy and momentum become
infinite. At energy E = 0 (vacuum), the space-like parti-
cle moves with the velocity v = ∞ and has the minimal
momentum P0 [13].
Generalized Lorentz transformations. – The
generalized Lorentz transformation xi = aijx
′j , where
aij = ∂x
i/∂x′j is the Jacobian matrix, can be written as
the product of two transformations aij = (ΛO)
i
k(ΛD)
k
j in
the plane x0 − x1, i.e., the rotations of the oblique coor-
dinate system xi = (ΛO)
i
kx
∗k and the hyperbolic dilation
of its axes (homothety) x∗k = (ΛD)
k
jx
′j , which is a pro-
jection of the hyperbola on the circle (see Fig. 2). We
have
aij =


η0 sin(ω
′ + θ) η1 sin θ 0 0
η0 cos(ω
′ + θ) η1 cos θ 0 0
0 0 1 0
0 0 0 1

 , (15)
η0 =
1√
1
ξ0
[sin2(ω′ + θ)− tan2 ϕ cos2(ω′ + θ)]
, (16)
η1 =
1√
1
ξ1
[ sin
2 θ
tan2 ϕ − cos
2 θ]
, (17)
where ω′ is the angle between the axes x′0 and x′1, θ is
the angle between the axes x′1 and x1, and η0, η1 are
the hyperbolic dilation parameters which are diagonal el-
ements of the matrix (ΛD)
i
j = (η0, η1, 1, 1), (ΛD)
i
j = 0
for i 6= j. From the condition g′ij = a
k
i gkla
l
j = gij ,
which preserves the length of the four-vector in the form
~x2 = gijx
ixj = gijx
′ix′j , we obtain ξ0 = 1, ξ1 = −1
p-3
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and cot(ω′ + θ) = tan θ/ tan2 ϕ. This means that the axis
x′0 can lie in the time-like region and the axis x′1 lies in
the space-like region. Making use of these conditions and
Eqs. (15)–(17), we get
aij =


γf γf tan θ 0 0
γf
tan θ
tan2 ϕ γf 0 0
0 0 1 0
0 0 0 1

 , (18)
γf =
1√
1− tan
2 θ
tan2 ϕ
. (19)
The geometrical illustration of the (generalized) Lorentz
transformations (18), (19) can be seen in Fig. 2. The an-
gle θ is restricted by the conditions −ϕ ≤ θ ≤ ϕ and
π−ϕ ≤ θ ≤ π+ϕ while the angle ω′+ θ between the axes
x′0 and x1 is restricted by the condition π−ϕ ≥ ω′+θ ≥ ϕ.
For example, for θ = 0 and θ = π, we have ω′ + θ = π/2,
i.e. at the inversion of the space-like axis x′1 the inversion
of the time-like axis x′0 is forbidden. Thus, the inver-
sion of time (energy) axis under the (generalized) Lorentz
transformations in the GSTR and STR is not allowed by
the invariance of the metric tensor. This possibility is il-
lustrated in Fig. 3.
In the coordinate space, the generalized Lorentz trans-
formations are explicitly obtained from the linear transfor-
mations xi = aijx
′j with matrix (18) on conditions that
x′ = 0 in both time-like and light-like regions (~s2 ≥ 0,
ξ = 1 and ξ = 0) and t′ = 0 in the space-like region
(~s2 < 0, ξ = −1). Then we have
tan θ =
vfc
v2l
, ξ = 1, ξ = 0, (20)
tan θ =
c
vf
, ξ = −1, (21)
where vf = x/t is the velocity of motion along the x-
direction of the inertial reference frame K ′ relative to the
laboratory frame K. Substituting Eqs. (20) and (21) into
Eqs. (18), (19), we obtain
aij =


γf γf
cvf
v2
l
0 0
γf
vf
c γf 0 0
0 0 1 0
0 0 0 1

 , ξ = 1, ξ = 0, (22)
and
aij =


γf γf
c
vf
0 0
γf
v2l
cvf
γf 0 0
0 0 1 0
0 0 0 1

 , ξ = −1, (23)
where
γf =
1√
1−
v2
f
v2
l
, ξ = 1, ξ = 0, (24)
Fig. 3: (Color online) The dependence of angle ω′ + θ on the
angle θ at different values of ϕ for the GSTR. The angles are
constrained by the relation cot(ω′ + θ) = tan θ/ tan2 ϕ. The
STR corresponds to ϕ = π/4.
γf =
1√
1−
v2
l
v2
f
, ξ = −1. (25)
For the non-degenerate transformations (22), (23) there
is the inverse matrix bij which is determined from the
relation [2, 15]
bija
j
k = a
i
jb
j
k = δ
i
k. (26)
The explicit form of the inverse matrix bij can be obtained
from Eqs. (22), (23) by changing vf to −vf .
In particular, the generalized Lorentz transformations
(22)–(25) for the contravariant and covariant components,
xi = aijx
′j and xi = x
′
jb
j
i [15], in both the time-like and
the light-like regions (~s2 ≥ 0) [14] and in the space-like
p-4
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region (s2 < 0) can be written as
t = γf
(
t′ +
vf
v2l
x′
)
, ξ = 1, ξ = 0, (27)
x = γf (vf t
′ + x′) , (28)
y = y′, (29)
z = z′ (30)
and
t = γf
(
t′ +
1
vf
x′
)
, ξ = −1, (31)
x = γf
(
v2l
vf
t′ + x′
)
, (32)
y = y′, (33)
z = z′. (34)
In momentum space, the generalized Lorentz transforma-
tions (22)–(25) are
E = γf
(
E′ +
vfc
2
v2l
p′x
)
, ξ = 1, ξ = 0, (35)
px = γf
(vf
c2
E′ + p′x
)
, (36)
py = p
′
y, (37)
pz = p
′
z (38)
and
E = γf
(
E′ +
c2
vf
p′x
)
, ξ = −1, (39)
px = γf
(
v2l
c2vf
E′ + p′x
)
, (40)
py = p
′
y, (41)
pz = p
′
z. (42)
Using Eqs. (27)–(34), the generalized Lorentz transforma-
tions for the components of the 3-velocity can be written
as
vx = γx(vf + v
′
x), ξ = 1, ξ = 0, (43)
vy =
γx
γf
v′y, (44)
vz =
γx
γf
v′z (45)
and
vx = γx
(
v2l
vf
+ v′x
)
, ξ = −1, (46)
vy =
γx
γf
v′y, (47)
vz =
γx
γf
v′z, (48)
where
γx =
1
1 +
vfv′x
v2
l
, ξ = 1, ξ = 0, (49)
γx =
1
1 +
v′x
vf
, ξ = −1, (50)
Fig. 4: (Color online) The dependence of the muon neutrino
mass m on the speed limit vl at fixed energy E = 17 GeV and
velocity (v− c)/c = 2.37+0.47
−0.40 × 10−5 for the OPERA neutrino
experiment [9]. The dotted lines represent the combined sta-
tistical and systematic errors. The symbol represents the mass
of the STR superluminal space-like neutrino.
with γf given by Eqs. (24), (25). The four-interval (7) and
four-momentum (8) are invariants under the transforma-
tions (27)–(34) and (35)–(42), respectively,
v2l t
2 − x2 − y2 − z2 = v2l t
′2 − x′2 − y′2 − z′2, (51)
v2l
c4
E2 − p2x − p
2
y − p
2
z =
v2l
c4
E′2 − p′2x − p
′2
y − p
′2
z . (52)
The transformations on the basis vectors and dual basis
vectors are given by ~ei = ~e
′
jb
j
i and ~e
i = aij~e
′j. The in-
verse transformations on the contravariant and covariant
components are x′i = bijx
j and x′i = xja
j
i and on the
basis vectors and dual basis vectors are ~e′i = ~eja
j
i and
~e′ i = bij~e
j [15]. The explicit inverse formulas for the gen-
eralized Lorentz transformations are most easily obtained
from Eqs. (27)–(34) and Eqs. (35)–(42) by exchanging the
primed and unprimed coordinates and changing vf to −vf .
Results and discussions. – It is pertinent to men-
tion that the STR is a particular case of the GSTR. If we
assume ϕ = π/4, which resembles the equilateral hyper-
boloid of revolution, a = b, and provides an equivalence of
the limiting velocity to the speed of light, vl = c, then all
relations of the STR and the Lorentz transformations are
recovered.
Figure 4 presents the behavior of the mass m of the
muon neutrino νµ as a function of its speed limit vl which
was calculated by Eqs. (12), (14) at the fixed neutrino en-
ergy E and velocity v for the OPERA experiment [9]. The
deviation of the neutrino velocity from its speed limit re-
sults in a significant increase of the neutrino mass. If the
speed limit of the OPERA neutrino with the speed v is
vl = c, then the neutrino is to be a STR space-like super-
luminal particle with the mass m = 117.1+11.0
−10.5 MeV/c
2.
Otherwise, for the small neutrino mass, m = 2 eV/c2 [16],
the relative deviation from the limiting velocity vl of the
neutrino velocity v due to its finite rest mass is expected
p-5
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to be smaller than |vl − v|/v = 6.92 × 10
−21 and it is ei-
ther a time-like or a space-like superluminal particle with
the velocity of motion close to the limiting speed. If the
neutrino velocity is equal to its speed limit, then its mass
must be m = 0 and it is a light-like superluminal particle.
Thus, we conclude that the OPERA neutrino is a time-
like or a light-like superluminal particle with the speed
of propagation very close to the limiting velocity which
exceeds the speed of light. To ensure that the OPERA
neutrino is moving faster than light, it is necessary not
only to measure its position at two times but also to mea-
sure its energy and momentum and calculate the velocity,
vx = c
2px/E [12]. At E = 17 GeV, the momentum of
the OPERA neutrino [9] should be px = 17.0004± 0.0001
GeV/c.
Conclusions. – To conclude, in this Letter we have
deduced the GSTR with an arbitrary limiting velocity
from the canonical equation of the 4-dimensional hyper-
boloid of revolution and have investigated the possibility
of describing particles that travel faster than light. We
have found the generalized Lorentz transformations for
any values of the speed limit for both the time-like and
the spice-like regions in the coordinate and momentum
spaces and in the general parametric form. It was ob-
tained that the metrics and the Lorentz transformations of
the STR correspond to the one particular case of the met-
rics and generalized Lorentz transformations of the GSTR,
when the hyperboloid of revolution resembles the equilat-
eral hyperboloid of revolution at ϕ = π/4 which corre-
sponds to the speed limit equal to the light velocity. We
have found that in the space-like region the rest mass of a
particle is real due to the unified definition of the square
length of the four-vector from the canonical equation of
the hyperboloid of revolution. It was obtained that the
(generalized) Lorentz transformations for a four-interval,
a four-momentum and a 3-velocity in the space-like and
the time-like regions are different; however, the metrics of
the space-time in these regions are the same. We have
found that the inversion of time (energy) axis under the
(generalized) Lorentz transformations in the GSTR and
STR is forbidden by the invariance of the metric tensor.
The spacial subspace of the four-dimensional Minkowski
space is complex. In the GSTR, any value of the limiting
velocity is invariant in all inertial reference frames like-
wise the speed of light. Therefore, the GSTR deals with
three distinct classes of superluminal particles: time-like,
space-like and light-like classes. We have revealed that the
muon neutrino in the OPERA experiment is most likely a
light-like or a time-like superluminal particle rather than
a space-like superluminal particle. Thus, this experiment
suggests that the limiting velocity of the muon neutrino
may be greater than the velocity of light in vacuum.
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